Quantum resources can improve communication complexity problems (CCPs) beyond their classical constraints. One quantum approach is to share entanglement and create correlations violating a Bell inequality, which can then assist classical communication. A second approach is to resort solely to the preparation, transmission and measurement of a single quantum system; in other words quantum communication. Here, we show the advantages of the latter over the former in high-dimensional Hilbert space. We focus on a family of CCPs, based on facet Bell inequalities, study the advantage of high-dimensional quantum communication, and realise such quantum communication strategies using up to ten-dimensional systems. The experiment demonstrates, for growing dimension, an increasing advantage over quantum strategies based on Bell inequality violation. For sufficiently high dimensions, quantum communication also surpasses the limitations of the post-quantum Bell correlations obeying only locality in the macroscopic limit. Surprisingly, we find that the advantages are tied to the use of measurements that are not rank-one projective. We provide an experimental semi-device-independent falsification of such measurements in Hilbert space dimension six.
strategies based on super-quantum violations of said inequalities respecting only no-signaling and macroscopic locality [36] . Finally, we prove that the experimental data cannot be simulated with any rank-one projective measurement without additional post-processing of the data. Since only a dimensional bound on the relevant Hilbert space is assumed, this constitutes a semi-device-independent [37] falsification of said property.
The communication complexity problems.-Bell inequalities can be systematically mapped to CCPs. In a Bell experiment, any choice of shared state and local measurements, which then generates a probability distribution, can also be used in a strategy for a CCP leading to an efficiency analogous to that observed in the Bell experiment [7, 8] . A quantum advantage (in such strategies) over classical methods relies on generating correlations that violate the relevant Bell inequality. A natural candidate for such constructions are facet Bell inequalities, since these optimally bound correlations obeying local realism. The CGLMP inequalities [34] constitute a family of facet Bell inequalities for two parties, each with two choices of measurements and with d ≥ 2 possible outcomes.
The construction of CCPs based on the CGLMP inequalities has been developed in [12, 13] . In this family of CCPs (parameterised by d), a party Alice is given random inputs x 0 ∈ {0, . . . , d − 1} and x ∈ {0, 1}, and another party, Bob, is given a random input y ∈ {0, 1}. Alice may communicate no more than log d bits to Bob, after which he outputs a guess g ∈ {0, . . . , d − 1}. If g coincides with the value of a function f k (x 0 , x, y) = x 0 − xy − (−1) x+y k mod d, for some k = 0, . . . , d/2 − 1, the partnership is awarded c k = 1 − 2k/(d − 1) points. However, if g coincides with h k = x 0 − xy + (−1) x+y (k + 1) mod d, the partnership loses c k points. The task is to efficiently communicate such that the average number of points earned is large. The payoff function is given by On the one hand, in an approach based on Bell inequalities, Alice and Bob share an entangled state and perform local measurements x and y with d-valued outcomes a and b respectively. In order to exploit the fact that the CCP is tailored to the CGLMP inequalities, Alice encodes the classical communication m(a, x 0 , x) ∈ {0, . . . , d − 1} using m = x 0 + a mod d and Bob subsequently decodes it using g = m − b mod d (see Fig. 1 ). It was shown [12, 13, 33] that the resulting value of ∆ Bell d is in one-to-one correspondence with the quantity evaluated from the statistics p(a, b|x, y) in a test of the CGLMP inequalities. In this sense, the efficiency in the CCP is determined by the amount of nonlocality present in the distribution p(a, b|x, y). In particular, if p(a, b|x, y) generates a maximal violation of the (suitably normalised) CGLMP inequalities, then by the outlined communication strategy it can be used to achieve an equally large value of ∆ Bell d . The maximal quantum value achievable in a test of the CGLMP inequalities lacks a simple analytical form but is known up to large d and achieved with non-maximally entanged states [41] . On the other hand, these CCPs can also be implemented without exploiting entanglement and Bell inequality violations [33] . Instead, Alice and Bob can use single quantum systems for direct quantum communication. In such an implementation, Alice associates her random inputs (x, x 0 ) to a d-dimensional quantum state, ρ x0x ∈ C d , which is sent to Bob who performs a measurement {M g=0 , the outcome g of which determines his output guess (see Fig. 1 ). In a quantum model, the performance of the CCP reads
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An efficient quantum communication strategy, i.e., a suitable choice of state preparations and measurements, aims to find the largest value of ∆ of ∆ Bell d as obtained both in quantum theory, and by the superquantum principle of macroscopic locality [36] . The latter correlations are only constrained by the inability of violating a Bell inequality when the measurements are macroscopic, i.e., that a large number of particles are collectively measured instead of microscopic measurements on single particles. The results substantially improve on the lower bounds for ∆ QS d obtained in [33] , and thus establish an increased quantitative advantage of high-dimensional quantum communication over strategies based on Bell inequality violation. In particular, note that for d = 8, 9, 10, quantum communication can even outperform the Bell inequality based approach when the correlations established are only required to be macroscopically local, i.e., the violation of the CGLMP inequalities is largerthan-quantum.
Furthermore, we rectify the main result of [33] by resolving two of its conjectures: that the optimal quantum communication strategy performs equally well as that based on the quantum violation of the CGLMP inequalities when d = 5 and when d = 6. For d = 5, we have used the second hierarchy level of dimensionally bounded quantum correlations [42] . In order to reduce the computational requirements of this evaluation, we have employed the symmetrisation techniques and toolbox of [43] . We obtain a tight bound on the efficiency of quantum communication matching that obtained through a maximal violation of the CGLMP inequalities. This proves the conjecture. For d = 6, the presented lower bound on ∆
QS d
shows that quantum communication outperforms the analogous Bell inequality based result. Thus, the improved lower bound falsifies the conjecture. This establishes dimension six as the dimension revealing the quantitative inequivalence between the two quantum implementations of the CCPs.
A relevant question is whether the breaking of the equivalence of the two quantum implementations, emerging when the dimension is increased above five, is linked to qualitatively different properties in the optimal use of the respective quantum systems. Below the critical dimension six, the optimal value of ∆ the value of x (in the spirit of no-signaling) and is equivalent to the post-measurement states of Bob in an optimal strategy based on the CGLMP inequalities. Via known analogies between the quantum strategies for the two cases [8] , it is optimal to perform the same pair of rank-one projective measurements on Bob's side. However, when d ≥ 6 our numerical calculations for d = 6, . . . , 10 suggests that: (I) the states {ρ x0x } sent by Alice do not emulate the no-signaling condition (i.e., do not hide the value of x) and some inputs may be associated to the same state, and (II) the two measurements of Bob are such that one is rank-one projective, whereas the other is higher-rank projective, i.e., some measurement operators are zero-operators, meaning that the associated outcomes never can occur regardless of the state being measured. These latter measurements can be viewed as rank-one projective measurements with additional post-processing by which some outcomes remain untouched and other outcomes are given new labels. To further evidence the sub-optimality of rank-one projective measurements (without post-processing), we have numerically optimised ∆ posed of two main parts: one for the state preparation and another for performing projective measurements on the prepared system. Each part is controlled by a Field Programmable Gate Array (FPGA) electronics. In the state preparation, a 690 nm single mode laser modulated with an Acousto-Optic Modulator (AOM) and optical attenuators (not shown in Fig. 2 ) prepare weak coherent states with an average number of 0.9 photons per pulse. This source can be seen as an approximation to a nondeterministic single-photon source, since pulses with a single-photon account for 62.3% of the generated non-null pulses. Contributions of multiphoton events to the recorded statistics is strongly suppressed by using a detection window much smaller than the optical pulse duration.
To encode the quantum states in the linear transverse momentum of single photons we exploit the pixelprogrammability of spatial light modulators (SLMs) [44, 45] . The state preparation and measurement stages has two fundamental blocks: an amplitude-modulation only SLM1 (SLM3), built with two linear polarizers and a liquid crystal display (LCD), and a phase-modulation only SLM2 (SLM4), composed of two linear polarizers, two quarter wave plates and an LCD. Each SLM is placed in the image plane of its predecessor. In order to experimentally generate some desired states |ψ x,x0 , a set of d slits with a width of 64 µm and equal center to center separation are displayed on SLM1 and SLM2. The individual transmittances t l and phases φ l of each slit "l" are set to reconstruct the real and imaginary parts of |ψ x,x0 . The state of the transmitted photon after the SLM2 is given by |ψ =
where N is a normalisation constant. The coefficients t l and the phases φ l are independently controlled by the SLM 1 and SLM 2, respectively. To implement the desired measurements at the measurement stage, different amplitude and phase sets of the d slits are used at the SLM3 and SLM4. The transmittances and phases of each set are chosen to post-select for detection one of the required states |ϕ y,by . In the final part of the setup, a "pointlike" avalanche single-photon detector (APD) with a 10 µm pinhole is placed at the center of the far field plane of the SLM4. In this case, the probability of single-photon detection P (x, x 0 , y, b) is proportional to | ϕ y,b |ψ x,x0 | 2 [45] [46] [47] [48] . However, since for each d one of the targeted protocol measurements is rank-two projective (see Append. A), we postprocess the experimental data to emulate the statistics such a measurement. This is done by suitably relabling the outcomes of the relevant measurements whenever, in the raw data, it is associated to an outcome which never occurs in the desired rank-two projective measurement. violates the bounds for Bell inequality based strategies with at least six standard deviations for each d considered. Hence, any explanation in terms of an arbitrary entangled quantum system is excluded by at least 6 standard deviations, which corresponds to a p-value of 1 × 10 −9 .
• 
In Figure 3 , we compare the experimental results to the theoretical predictions for quantum communication, as well as with the limitations of both quantum and macroscopically local Bell correlations. The results are in good agreement with the theoretical predictions, surpassing the values associated to the maximal violation of the CGLMP inequalities. In the particular, in the case of d = 10, the results also surpass the limitations of the post-quantum Bell correlations obeying only macroscopic locality. Finally, we revisit the previously numerically evidenced hypothesis of rank-one projective measurements being suboptimal. Focusing on the case of d = 6, we have considered whether the experimental data can be reproduced by some quantum communication strategy utilising only such measurements. To this end, we have used an intermediate level [56] of the hierarchy of dimensionally bounded quantum correlations [42] , and additionally imposed upper and lower bounds on the particular probabilities measured in the lab corresponding to (x 0 , x) = (4, 0) and y = 0. In order to respect the errors of the measured probabilities, they was constrained to an interval twice larger than the experimental errors of each measurement outcome. In this manner, we have obtained the bound 0.7830 on ∆ QS 6 which is smaller than the experimentally measured value. This demonstrates that under the assumption of a six dimensional Hilbert space, there exists no quantum communication strategy based on rank-one projective measurements which can reproduce the experimental results.
Conclusion.-We have theoretically and experimentally studied the efficiency of high-dimensional quantum communication in a family of CCPs, as opposed to classical communication assisted by nonlocal correlations violating the facet Bell inequality to which the CCPs were originally tailored. We demonstrated significant advantages of quantum communication which increase with Hilbert space dimension, and showed that they stem from uncommon types of quantum states and measurements. Our work shows the usefulness and strength of quantum correlations generated via the communication of a high-dimensional quantum system, and the practicality of experimentally realising them. Since the states and measurements used in the main text were obtained numerically, we here state them explicitly by associating them ("∼") to either rank-one or rank-two projectors as specified below. Do notice that some states for a given dimension are identical, and that some measurement operators are zero-projectors.
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